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Particle Approach

In the present work we propose a particle approach, which is designed to treat complex
mechanics and dynamics of the open-draw sections that are still present in many of

today’s paper machines. First, known steady-state continuous solutions are successfully
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reproduced. However, it is shown that since the boundary conditions depend on the
solution itself, the solutions for web strain and web path in the open-draw section are
generally time-dependent. With a certain set of system parameters, the nonsteady solu-
tions are common. A temporal fluctuation of Young’s modulus, for example, destabilizes
the system irreversibly, resulting in the continuous growth of web strain, i.e., break.

Finally we exemplify with some strategic draw countermeasures how to prevent a dan-
gerous evolution in the web strain. [DOIL: 10.1115/1.3197425]
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1 Introduction

Web breaks of the paper web in the wet end of a paper machine
are a major issue for many of today’s paper machines. Several
breaks a day are common. A frequent problem area is the open-
draw section where the wet paper web is unsupported and runs
under tension (Fig. 1). In this section, the paper is stretched by
typically 3% within a few milliseconds and thus subject to high
strain rates. If the strain in any point exceeds about 4% for a
defect-free wet (45% solid content) newsprint sheet, web breaks
are likely [1,2]. The possible simultaneous existence of minor
defects, damages, or holes might make the maximum strain limit
even smaller. The basic understanding of the mechanics and dy-
namics determining the evolution of web tension is of high inter-
est. For example, as the machine speed increases, centrifugal
forces increase due to web curvature. For a moderate increase in
the machine speed, simultaneous adjustments occur in take-off
angle, release angle, and web curvature to restore steady-state
operation of the web (see p. 417 in Ref. [3]). However, at even
higher speeds, the stability is not guaranteed, and it is known that
there is a very small operating window for the stable machine run
[4].

Pioneering works of the open-draw properties were performed
already in the 1960s by, e.g., Mardon and co-workers [1,5-8].
Also see references in these papers. Although these models ad-
dressed many important aspects of the problem, many simplifica-
tions and assumptions were required in order to obtain reasonably
simple mathematical expressions. Some examples are that only
steady-state situations are treated; the effects of bending stiffness,
gravity, and air being neglected. In addition, a straight-line outgo-
ing web geometry was assumed. Some current references within
the area are given in Refs. [3,9,10]. Here non-steady-state situa-
tions are treated but not without restrictions. A detailed review of
the models and their various assumptions was recently given by
Ahrens et al. [11]. Some crucial limitations of existing models are
the neglection of paper thickness (i.e., bending stiffness and vis-
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cous bending interactions), web geometry constraints (e.g., circu-
lar path), small web deflections, and uncertainties in the boundary
conditions (or release conditions applied). In particular, we feel
that the limitation of the boundary conditions is critical since, due
to the physical situation, the web release generally depends on the
web solution itself. Also, due to the dynamic release conditions,
the total length of the paper web needs to be flexible in a realistic
study of web dynamics. An extension of the computational ap-
proach could therefore be valuable in order to obtain the full time-
dependent unconstrained solutions.

In this paper we apply a particle approach to investigate the
complex mechanics and dynamics of the open-draw sections of
paper machines. This approach may be viewed as an analog to the
many-body techniques used in celestial simulations of, e.g., col-
liding galaxies/planetary systems, and the popular molecular dy-
namics (MD) method [12]. The application of various particle
models in mechanics of materials was recently reviewed [13].
Significant developments of particle modeling in mechanics have
been made during the past 2 decades. Examples of this are
smoothed particle hydrodynamics (SPH), mesh-free Galerkin
methods, and MD. These were recently reviewed in Ref. [14]. The
discrete element method (DEM) is an example of these particle
methods, which appeared as early as in the late 1970s [15-18].
Particle models are also used extensively to multibody system
(MBS) analyses, in automobile system design and simulation [19],
and also in computer animation of deformable objects [20,21].

In the present context we model the paper web running in the
open-draw section as a one-dimensional beam consisting of a se-
ries of masses connected by visco-elastic (Kelvin—Voigt) ele-
ments. It has already been shown that in the one-dimensional case,
the N-body approach faithfully reproduces the continuum limit
results [20,22]. This aspect, as well as bending, is provided in the
Appendix of the present work. Even in a 2D or 3D case, Etzmuss
et al. [20] demonstrated that the continuum results can be obtained
under certain conditions of orthotropic symmetry and small defor-
mations. The 2D feature of their particle approach may therefore
be useful in a future modeling of the paper web as a 2D continu-
ous material. The goal of the present study is to develop a 1D
dynamical system model for the open-draw section. It turns out

A computer c-code is available on request to sverker.edvardsson@miun.se.

MARCH 2010, Vol. 77 / 021009-1

Downloaded 04 May 2010 to 171.66.16.45. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



Fig. 1 Model of the open-draw section. Paper web is trans-
ferred from the first roll to the second roll. We apply a fixed
reference system in the present work.

that the approach is efficient in computation and still captures the
essence of the physics taking place on the paper machine.

2 Particle Approach for the System Dynamics

The paper web is here modeled as a series of masses connected
by visco-elastic elements. The reference frame (xy) is fixed as
shown in Fig. 1, and thus all fictitious forces such as centrifugal
and Coriolis forces, etc., are accounted for. We consider only the
movements in the xy-plane, which allow us to apply a 1D beam
model. The continuous beam is represented by a discrete system
consisting of interacting particles (nodes) [20,22]. Given the local
mass density p; of the paper web, we can express the mass of
particle i as

m; = piagTW (1)

where a is the equilibrium distance between neighboring par-
ticles, the paper thickness is 7, and the width of the paper web is
W. The various interactions acting on particle i consist of both
internal and external forces. According to Newton’s laws of mo-
tion, the change in momentum of particle i is

d_t Zin Zex
d_lzzszit"'}:fkil (2)
k k

where the summation over k is performed for internal (material
stress) and external interaction forces acting on node i. Time-
integrations subsequently lead to its velocity dr;/dt=p;/m; and
then position 7; based on the flexible numerical procedure de-
scribed below. Equivalence of a particle approach to a continuum
counterpart is further discussed in the Appendix.

2.1 Richardson Extrapolation Adapted Time-Integration.
Given numerical values calculated for several discrete spatial
grids, repeated Richardson extrapolation can be utilized to obtain
the corresponding continuum value [23]. However, the application
of repeated extrapolation in the case of discretization in time is
uncommon, to the author’s knowledge. Besides being a conve-
nient method in the present particle approach, it is still expected to
be an effective and accurate method also for time-integrations
[24]. (Perhaps one of the most efficient integration methods is the
Bulirsch—Stoer algorithm. This algorithm is based on Richardson
extrapolation as well, but is more complex to implement.)

The N-body integrations carried out in the present work include
a large number of particles and integration steps. In each step we
are interested in projecting the particle system from a certain time
fy to 1 in an accurate way. We start the integration of particle i by
the linear approximation

ik + 1;Ar) = 0;(k)At + 7 (k)
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ik +1;A1) = @j(k) At + 0(k) 3)

First we use an integration time-step At for the whole time inter-
val, i.e., At=t;~t, so Eq. (3) needs to be applied only once to
obtain, e.g., F}(tf;At). Next we use half the integration time-step,
0, obviously, Eq. (3) instead must be applied twice to obtain
7{t;;At/2). This procedure is then continued successively with
smaller discretizations in time resulting in the series

ity An), FtpAn2), it Au4), ..

for each one of the particles i (and similarly for the velocities). We
can now extrapolate each one of the components of the positional
and velocity vectors to obtain very accurate estimates of ﬁ(tf) and
vi(ty) for all the particles. This is accomplished by applying re-
peated Richardson extrapolations. The implementation in our code
is general, so an arbitrary number of extrapolations may be per-
formed. For example, given that we have calculated the series

A o=xtp;AL/2™), m=0,1, ... My, extrapolated values for n
=1,...,my, and m=n,n+1,...,my,, are obtained through re-
cursion
Am n—1 _Am—l n—1
Am,n =Am,n—1 + m_ 1

This numerical scheme is known to be fast and to dramatically
improve accuracy [25]. Provided that certain correction terms are

regular, the most accurate quantity is A,, o

2.2 Initial Conditions and Roll Geometry. The present
work applies the following initial conditions. In Fig. 1 we show
the basic system geometry. A straight paper web path between the
rolls is applied as an initial condition. The corresponding release
angle of the first roll is ¢»;=a, and the angle of the second roll is
then given by ¢,=m—a. For a given roll configuration, it is seen
that a=arccos[(r;+r,)/L] and the length of the straight web at ¢
=0 becomes L,,(0)=(r;+ry)tan a. The equilibrium spacing a be-
tween particles (nodes) is given by ay=L,,(0)/(N-1), where N is
the chosen number of nodes. The particle system then occupies
the points at 7=ry+iay, i=0,1,...,N-1, where ay=a(sin «,
—cos @) and the initial velocities of the nodes are set to o}
=v,(sin @,—cos a). The linear expression v,=wr;+i/(N-1)
X (wyry—wyry) is applied.

2.3 Longitudinal Stiffness and Kinematic Viscosity. Given
Young’s modulus E, Hooke’s law reads f=EWTAL,,/L,,. Al-
though E is a material constant, the longitudinal stiffness (spring
constant) A=EWT/L,, is not, since the longitudinal stiffness \
depends on the length (L,,) of the system. Suppose that the con-
sidered material is homogeneous and that we replace the beam
with N particles separated with the distance a;. Then there are
N-1 springs and L,,=(N—-1)a,. The local stiffness is thus given
by Nee=EWT/ag=(N-1)EWT/L,,=(N-1)\. In the case of a
varying E due to variations such as in dryness and in furnish, the
local stiffness is given by N;;=E;;WT/a, where Ej; is the local
modulus between particles i and j. In such a case one may identify
an effective stiffness of the system according to [26]

=3 = ©)

Given the local stiffness values of the system (\;;=E;;WT/a)

the resulting elastic force f_,: acting on particle i (Fig. 2) due to
longitudinal stiffness alone becomes

Fro= N iy = 7| = aO)é)rF] + N ([P = 7 = ao)grm ®)

where the 7s are positional vectors and, for example, the relative
unit vector E,.M points toward node i+1 from the central node i.
To model visco-elastic effects, a longitudinal damping is intro-
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Fig. 2 Topology of a modified Kelvin—Voigt visco-elastic
model showing particles interacting through longitudinal stiff-
ness and transverse bending stiffness. Also damping is
indicated.

duced in the following way. The moving particle i becomes
damped by its neighbors and this force ﬁ; is given by

Su=- bi—l,i([v_;_ Uil 5r,.7|)5ri7| - bi,i+|([l7?— Uil €., )é.

i+l i+1
(6)

where the Us are velocities and b are phenomenological damping
coefficients. For a homogeneous medium, b=vpWT/a, where v is
the kinematic viscosity and p is the mass density for the wet web,
i.e., the fiber/water mixture. The special case of bending and its
corresponding damping is treated below.

2.4 Bending Stiffness and Viscous Effects. In the short
open-draw common in today’s paper machines, the bending inter-
actions can become quite significant [11]. We start by considering
the local particle system consisting of the nodes i—1, i, and i+1 in
Fig. 3. The local bending potential energy is assumed to be of
harmonic form

V=567 %) (7)

where k; is the bending stiffness, y; is the bending angle (Fig. 2),
and = assuming a planar web at its equilibrium. By definition,
a change in potential energy equals the required work dW; to
change the angle from v; into y,—dvy, see Fig. 3: —dVi=«,(y;
—)dy=dW,. By introducing the virtual forces f,; and f;, (useful
later in the N-body simulation), the work can also be written as
dW;=—f1a1dy,—firoa,dy,, where dy=dvy,+dy,. As we approach
the continuum, a good assumption is that a;=a,=a and the mag-
nitude of the interactions f},;=f;,,=f;. These forces are also or-
thogonal (indicated in Fig. 3). The system is subjected to restoring
forces opposite in the direction acting on each neighboring node
(- fb 1 and — sz). From the above we have a very good approxima-
tion fj,= k;/ ag(1+¢&)(yy—7;), where ¢ is the longitudinal strain in
the web. The magnitude of the bending moment for a neighboring
node is thus given by 7,=k;(7y9—7;). Since the two restoring

forces — f,,l and —sz are internal forces, there must also be a force
equal in magnitude but opposite in direction, acting on the central

R o5
Jor\ i1 LY [
Fig. 3 Elastic bending moment model
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Fig. 4 As the bending web recovers its equilibrium, viscous
forces (indicated in the figure) act and tend to damp the restor-
ing movement. The z-direction is the normal of the paper web
at a given position. In general, this direction varies along the
web (fully treated in the present approach).

node i, i.e., fbl"’fb}

We shall now apply a beam model in order to determine an
estimate of the bending stiffness «;. The bending moment 7, for
one of the cross sections of a bent beam is, for a linear elastic
material, given by 7,=E;/R;[7%dA (see, e.g., Ref. [27]). The bend-
ing radius is R; and by assuming a smooth variation in Young’s
modulus it is appropriate to set E,-:%(El-_lqi+Ei’,-+1). In the case of
a bent paper web with thickness 7 and width W, 7,=(E;/R;)
X (T3W/12), and from the law of cosines for a system as in Fig. 3,
R;=ag(1+&)/2 cos(y;/2). Comparing with 7,=x;(yy—7;) and by
applying a Taylor expansion around 7,, we find

"W

E;  T*W2cos(y,/2) E;
K= v =~ s - (®)
ag(l+g) 12 yy—v, ap(l+¢) 12

This approximation is acceptable because the relative error is still
less than 1% as long as the local bending satisfies |y,— 7
<30 deg. As we approach the continuum (y;— 7,), it becomes
exact.

Also in the case of damping it is helpful to adopt the approach
of a bent beam. As the beam bends, the moment 7, tends to restore
the system to its equilibrium. At the same time there are viscous
forces in action slowing down this process. For reasonably small
local bending angles, these forces are assumed to be proportional
to the angular velocity w and to the distance z from the neutral
surface, but opposite in direction (see Fig. 4). The viscous force
per unit area (i.e., the cross section of the paper web) is given by
df!dA=(b/WT)wz, and the damping coefficient b is given in Sec.
2.3. The viscous bending moment d7,,=zdf, so after integration
and allowing for a variation in the damping coefficient b, we find

* vp, WI?
Tp=biw—="0w—/—
12 ay 12
Given the above viscous moment, the procedure is analogous to
the treatment of the bending moment earlier. During the simula-
tion we calculate the angular velocity w, for the right part of the
system in Fig. 3. Then we calculate the virtual force f,,=7,/ay
for that node. After this we compute w, for the left node with its
corresponding force and, as before, the negative sum of these
forces acting on the central node i.

2.5 Estimation of the Adhesion Strength. The adhesion
strength may be evaluated differently, depending on the detach-
ment criteria. The one most frequently used is based on Rivlin’s

)
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Fig. 5 Tension dependence on peeling angle. A good fit with
W,=7800 ergs/cm? (7.8 J/m?) is seen. Experimental values in-
dicated by circles from Fig. 19 and Table 6 in Ref. [31].

energy criterion [28]: Detachment occurs when the energy re-
leased from the system reaches the work of adhesion, which is
regarded as a specific interface material property. Under a quasi-
static steady-state condition, which is often used for the experi-
mental determination of adhesive strength, it predicts that

W
T,=—%—
1 —cos ¢,

where T, is tension (force per unit width) acting away from the
detachment point, ¢, is the angle of the line of action in the
experimental setting, and W, is the work of adhesion (or peeling
energy per unit surface). Kaelble [29] showed that Eq. (10) can
also be derived by assuming the force couple at the detachment
point as the failure criterion. Nicholson [30] noted that the cohe-
sive force criterion also predicts the same angle-dependence as
Eq. (10). However, as found by Kaelble [29] and later by Mardon
[31] for the wet paper web, Eq. (10) predicts a much steeper
angle-dependence of peeling tension than the one that their ex-
perimental data showed. To the authors’ knowledge there has been
no general criterion proposed for the detachment of paper web at
different angles.

To obtain an estimate of adhesion strength we shall here simply
assume that the detachment occurs when the normal component of

(10)

resultant force acting on node 0 reaches aoW|f,q,(max)| (Fig. 7).
Applying this criterion to the quasistatic, steady-state peeling, we
predict that

TW sin ¢y = agW|f,p(max)| (11)
The tension may then be written as
ao|f an(max)| W,
= o - (12)

sin gy sin ¢,
This sin ¢y-dependence of tension agreed very well with Mar-
don’s data [31] in a relatively wide angle range, as seen in Fig. 5.
Therefore, in this study, we determined | fadh(max)| from Mardon’s
data [31] by fitting Eq. (12). It should be noted, however, that Eq.

(12) may deviate from the experimental data as the angle exceeds
90 deg.

2.6 Contact Forces, Gravity, and Aerodynamic Effects. In
a very dynamic situation the paper web might oscillate and re-
touch a roll surface. To avoid the penetration of the web within the
roll radius r; (analogous treatment also for the second roll), a

021009-4 / Vol. 77, MARCH 2010

Fig. 6 As the bending web moves through the open-draw, air
friction acts on the web elements. The local effect is also indi-
cated. The air speed is set to be the same as in Fig. 1 (v,
=wyh). Also an external perturbation from moving air (V) is
shown.

contact interaction was introduced that acts on any node i if its
distance |7 <0.99r,. The particular repulsive potential selected
here is

Viep=Ae ™" (13)

where r; is the distance of particle i. If a particle i is near the roll
surface (r;=r), the radial repulsive force becomes f,
=(A/r))e”" and the repulsive parameter A must be high enough to
prevent overpenetration. We find that the behavior becomes real-
istic in magnitude when A is of the same order as fj, (Sec. 2.3). By
assuming an appropriate mean stiffness N, the magnitude fi,
=Na—-ap) =Neag)=EWTe~ (A/r))e”" gives A=(r;/e” )EWTe.
The effect of gravity acting on node i is accounted for through

(14)

where the machine orientation angle 6 is defined between the
horizontal line and the x-axis (see Fig. 1).

We also include the effect of air friction (Fig. 6). The friction
force per unit area is modeled by o= ndu/dz= n(-v,/R). Here z
is the normal direction of the web and # is the viscosity of air
(about 18.7 X 107 N s/m? at 300 K) and R is arbitrarily set to the
paper thickness 7.

Due to the typical strain variation along the web (Fig. 8), the
speed in the majority of the web nodes is v,. The force on node i
then becomes

fgm =—m,;g(sin 6,cos 6)

z U2 -
ffric =-2 WEG()Wet (15)
Air resistance may be approximately treated as an external pertur-
bation through standard models where the force for node i is given
by

(16)

The cosine is introduced to allow simulation of an oscillating
pressure with frequency v. p,,=1.293 kg/m?, v is the speed of
the incoming air (Fig. 6), c,=1.17 for a square plate, and 9 is the
angle of the perturbation relative to the web. More complex air
sheet interactions [32-35] are not considered in the present work.
Some of these aerodynamic effects could in principle be modeled
by adding an effective aerodynamic mass when studying out-of-
plane oscillations.

2.7 Conditions of Web Release From the Rolls. Consider
the situation in Fig. 7. Before the release of node 0 from the first
roll, the strain of the paper web is assumed to be negligible so the
distances between these nodes are a (indicated in Fig. 7). The
equation of motion is applied only for the nodes i=1,2,...,N
—2 because the nodes 0 and N—1 are both fixed to their respective

7 1 . >
Fair = 5Paiv>caaoW sin 9 cos(2mvr)é,
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Fig. 7 As the web moves on the first roll, a release occurs
each time the sum of the forces exerted on node 0 in the nor-
mal direction exceeds the fully developed adhesion force
a,Wt.gn(max). If the forces in the normal direction depend on
time, the same would be true for the release angle ¢;. Since the
forces on node 0 depend on the behavior of node 1, which in
turn depend on node 2 and so on, the release condition de-
pends on the web solution itself, leading to a complex nonlin-
ear behavior. Also note the possibility of y# ¢ (Fig. 1).

roll surface. Due to the speed difference v,—v; of the two rolls,
the distances between nodes within the open-draw become differ-
ent from ay. The release of node 0 (or node N—1) is assumed to
occur when the normal component of the sum of all forces, i.e.,
|Ek]7k|sin vy exceeds the magnitude of the maximum adhesion force
agW|faan(max)| (Sec. 2.5). Note that the resultant force 27, is not
necessarily along the paper web (Fig. 7), and y generally differs
from ¢ in Fig. 1. The various forces fk acting on 0 contain both
elastic and bending forces as well as their corresponding viscous
components (Secs. 2.3 and 2.4). We also add the centrifugal con-
tribution to node 0 as well as gravity (Sec. 2.6). The air friction is
tangential and does not contribute.

When |2, fi/sin > agW|fyan(max)|, we update the particle sys-
tem: We create a new node 0 to the left on the roll surface, and the
old 0 changes label to 1, and so on: 1—2,2—3,... ,N-1—N.
Thus the number of particles in the system is increased by one.
Similarly, if a node touches the second roll it is removed from the
system, and the number of particles is decreased by one. Also if

|3 filsin y>agW|f,qn(max)| for the node on the second roll, it is
reintroduced into the system and the number of particles is in-
creased by one. The adhesion forces for the two rolls can also be
set independently. The setup is thus flexible so that the release
points are dynamical and the model also avoids imposed con-
straints in the web geometry such as a circular arc configuration
[3,11].

2.8 Transient Release Point and Mass Continuity. Before
we proceed to the simulation results, we briefly discuss the
steady- to non-steady-state transition in the open-draw system.
The web dynamics is generally very complex and time-dependent.
Analytical solutions of the complete differential equations are not
available. In addition to the general complexity, the fact that the
boundary conditions (the release conditions) depend on the solu-
tion itself leads to a complex nonlinear behavior.

While the general particle approach in the present work is al-
ways time-dependent, there are special cases when the solution
becomes stationary. Let us again consider the situation in Fig. 7.
Suppose node 0 is released at a certain release angle ¢;. The new
node 0 is then at the equilibrium distance a, away on the roll.
Since this node is fixed on the first roll, the time it takes to reach
the release point at angle ¢, is exactly given by At;=ay/v| where
it is released if we have a stationary solution. For the other side of
the web at the second roll, the distances between nodes are given
by a=ay(1+ey7), where ey is the total strain near node N—1 (the
maximum web strain). The speed of node N-1 is exactly v, and
also node N-2 is arbitrary close to v, (e.g., in the continuum
limit). Thus the time it takes for node N—2 to reach the second
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roll is Az,=a/v,. Suppose the operator sets the speed difference of
the two rolls according to vy=v,(1+&,,), where &, is usually
called “draw.” Then we have

_ ao(l + 87‘)

(17)

2701+ ey
For stationary cases we have that e7=g,, (e.g., Eq. 2 in Ref. [9]),
so At;=At,. The number of particles in the system remains con-
stant. In other words, the amount of material entering the system
equals the amount exiting the system. This is a necessary condi-
tion for a steady-state solution.

Now suppose that we have a situation that introduces a system-
atic increase in the strain e but the draw &, is still kept constant.
Let us first assume that the release angle ¢, is also kept at a
certain constant value. Given a certain curvature, a higher ma-
chine speed results in substantially higher centrifugal forces that
eventually render the web strain 7> &,,. According to Eq. (17),
we see that Afy,>Af; and thus the mass balance is lost. The
amount of web entering the system is greater than the amount
exiting and the steady-state solution is lost. As more and more
mass are added to the open-draw section, e increases further
through both centrifugal and gravitational contributions. However,
since the forces at node O are time-dependent, there is no reason
why the release angle ¢; should remain constant. In fact, when we
remove this restriction and let the release conditions vary, as de-
scribed in Sec. 2.7, it indeed turns out that ¢, = ¢,(r). What really
happens at a high machine speed is that as more webs enter the
system the web geometry near node 0 becomes more aligned
along the roll surface. Thus the longitudinal force (Sec. 2.3) and
the bending force (Sec. 2.4) components in the normal direction of
the roll decline (Fig. 7). It is then clear that the release becomes
delayed, and, as a consequence, ¢(¢) will start to move down-
wards in Fig. 7. This is also seen in the simulations of the present
work. Since the release is delayed, At;=ay/v; is no longer valid
and thus Az, approach Az, (but is still unequal) in its attempt to
stabilize the system (self-stabilizing effect).

2.9 Computational Summary. The particle-simulation of the
present work is similar to the molecular dynamics simulation
technique. Both are started by placing all particles in certain po-
sitions and giving them certain initial velocities. The relevant
forces (given in Secs. 2.3-2.6) are added up to find the total force
acting on each particle. Through Newton’s equations of motion,
Richardson time-integrations (Sec. 2.1) are employed to compute
the changes in the position and in the velocity of each particle
during a certain time-step. The integrations are then continued to
yield the full dynamics and evolution of the whole particle
system.

When the tension normal to the roll surface acting on particle O
(and similar for N—1) exceeds the limit agW|f,q,(max)| the web
separates from the roll surface. Due to this release condition (Sec.
2.7), the number of particles N in the system becomes flexible.
Thus both steady-state and time-dependent solutions (including
external perturbations and a dynamic number of particles N) are
possible to study. Also as a consequence, the web length L, is
flexible and is time-dependent in many situations.

3 Simulation Results

In this section we first reproduce previous findings of steady-
state strain and strain rate in the literature for the purpose of
verification. We will also show some typical stationary (steady-
state) behavior of the web curvature before we enter the time-
dependent and transient web solutions. Unless otherwise stated
the following generic control parameters are applied in the simu-
lations. They are targeted for wet newsprint (dry basis weight of
45 g/m?) with 45% dry solid content common in the open-draw
section. The estimated mass density p=1176 kg/m?>. The thick-
ness of the paper sheet was selected as 7=100 um. The width of
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Fig. 8 The stationary strain ¢ in the open-draw. (Top) The re-
sult for N=40 nodes. The continuous curve is the continuum
solution £(x) as given below, where x is the distance from the
release point along the web (not to be confused with the x-axis
in Fig. 1). (Bottom) The continuum result is essentially ob-
tained for N=160 nodes. =(x) is plotted here as squares to fa-
cilitate comparison. The continuum solution e(x)=(v,
-v)/vi[(1-e*)/(1-ew)], where k=(E'-v?)/vv; (E'=Elp)
and »=30 m?/s.

the sheet is W=8.6 m. The machine speed v,=1400 m/min and
draw=(v,-v)/v;=3%. We estimated Young’s modulus to be E
=3.5X 107 Pa, which corresponds to E*=E/p=30,000 N m/kg.
This can be compared with literature values E*
=22,500 N m/kg [1] and E*=35,000 N m/kg [10]. The steel
roll adhesion parameter is W,=7.8 J/ m? (from Fig. 5) and for the
second roll we assume W/=co, so that the web will never be
released again. The kinetic viscosity was estimated to be v
=10 m?/s. This can be compared with typical values of v
=5-30 m?/s [10]. The length between rolls L=1.38 m, r
=0.8 m, r,=0.5 m, and the machine orientation with respect to
gravity #=13.5 deg; see Fig. 1. This makes the initial straight
web length L,,(0)=0.463 m.

3.1 Steady-State Solutions. In Fig. 8 we display the strain
along the paper web. We applied the above control parameters
with the exception of the kinetic viscosity »=30 m?/s. In this
case we obtain a simple steady-state solution in the case of a
homogeneous paper web. Of course, starting with the initially
planar web shape (Sec. 2.2) results in a time-dependent behavior
until the correct steady-state web shape is obtained. In this ex-
ample this took less than 0.05 s. The simulation lasted for 1 s,
which was long enough to observe the full steady-state behavior.
In the upper panel we see the discrete solution in the case of N
=40 nodes. For example, the first visco-elastic element to the left
(node 1) is seen to be stretched from zero strain up to its maxi-
mum of about 0.8%. The next node further increases its stretch up
to about 1.4% and so on, until the total 3% strain, as controlled by
the draw, is achieved. The continuum solution curve is also dis-
played for comparison. We see that the maximum strain of each
visco-elastic element corresponds well to the continuum result.
The theoretical continuum formula given in the figure legend was
shown, e.g., by Kurki et al. (see p. 414 in Ref. [3]). That solution
is based on the assumption of a stationary state and the boundary
conditions &(0)=0 and &(L,)=(v,—v;)/v;. The lower panel
shows the strain in the case of N=160 nodes. The continuum
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Fig. 9 The strain rate € in the open-draw with N=160 nodes.
The continuum result is shown as squares: £(x)=k(V,-V;)
X[e**/(1-e*w)]; v=30 m?/s.

solution is plotted here as square symbols to facilitate the com-
parison. The two solutions are seen to be equal. Convergence
properties are further discussed in the Appendix. In Fig. 9 we
consider the same physical situation but instead display the strain
rate €. As expected the strain rate is very high near the release
point and declines rapidly on its way to the second roll where the
strain is fully developed. Again it is clear that the agreement is
excellent. These high strain rates can be understood when we
recognize that the total time spent for the web transfer between
the rolls is only about 0.3/23.33=0.013 s. The particular shape of
the web solution is also interesting to study. This can be done
through a study of web curvature; see Fig. 10. There are no geo-
metrical constraints imposed on the present solution. In the neigh-
borhood of the release point the web is sharply bent, and as it

N=160
10 T T T T T

Curvature (m'1)

0.15 0.2 0.25 0.3

0 1 1
0 0.05 0.1
Distance from release point along the web (m)

Fig. 10 The curvature «; (or x(x)) in the open-draw with N
=160 nodes. x;=1/R;=~2 cos(y,;/2)/a,.
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Fig. 11 N=40. (Top) Total strain at {=0.32 s for various ma-
chine speeds. The fitted continuous curve is quadratic in
speed. (Middle) The corresponding release angle ¢, in deg af-
ter 0.32 s. (Bottom) For v,=1700 m/min (and above) the re-
lease angle ¢, is transient.

approaches the second roll, almost a straight web geometry is
seen. This general behavior is expected for a steady-state solution.
However, the detailed solution is highly dependent on factors such
as machine speed, mass density, elastic constant, adhesion
strength, etc.

3.2 Transient Solutions. As the physical parameters are
changed away from the “controlled” parameter set, situations may
arise where the steady-state solution can no longer be guaranteed.
As we have indicated in Secs. 2.7 and 2.8, the release conditions
of the web depend on the solution itself. In particular, the release
angle ¢; (Fig. 1) on the first roll might become time-dependent.
This is obviously the case if we introduce external time-dependent
perturbations, such as roll speed variations (draw), system vibra-
tions, aerodynamic effects, variation in adhesion strength, varia-
tions in paper material properties (moisture, mass density, elastic
constant, bending stiffness, and thickness), etc. However, first, we
shall investigate the effects on the web strain by testing several
machine speeds v,.

Figure 11 shows the total strain ey (strain in the last node) of
the web recorded after 0.32 s as a function of various machine
speeds. Note that each of the simulations is performed for a con-
stant machine speed v, and we also keep the draw and all other
parameters constant. The top panel shows that for the lower
speeds we have the steady-state solution so that 7 is always 3%.
However, beyond 1500 m/min, the strain starts to grow as the
machine speed increases. At the same time in the middle panel we
see that the point of release is moved further and further down in
the first roll. The bottom panel shows the subsequent evolution of
¢, for the case of v,=1700 m/min. The release point is moving
downwards and consequently the length of the paper web within
the open-draw section increases, so more and more mass are
added. There is also a web curvature present leading to centrifugal
forces. Intuitively, the combined effects of more mass and cen-
trifugal forces should influence the strain. This is indeed demon-
strated in Fig. 12 (top). At a machine speed of 1700 m/min, the
web adjusts its geometry up to about =3 s. That is, the system is
trying to restore the steady-state strain of 3% (self-stabilizing ef-
fect). These self-adjustments of the curvature and the take-off
angle ¢ (and also release angle ¢,) tend to keep the web tension
nearly constant (see, e.g., pp. 415-418 in Ref. [3]). However, due
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Evolution of the transient strain
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Fig. 12 N=40. (Top) Strain evolution at a machine speed of
1700 m/min. (Bottom) The take-off angle ¢ recorded at t
=0.32 s (in deg) as a function of machine speed. ¢ is calcu-
lated between the tangent line of the release point and a line
intersecting a point 25% of L, (effectively where the web is
straight). Also compare with Fig. 1.

to the web accumulation and centrifugal forces, the strain eventu-
ally starts to increase after /=3 s, as seen in Fig. 12. In the lower
part of Fig. 12 we also display a snapshot of the take-off angles
recorded at r=0.32 s at various speeds. The take-off angle
steadily increases with machine speed. It should also be noted that
at above 1600 m/min the take-off angle is transient (increases with
time).

Our simulations showed that transient behavior also occurs if
the density of the wet web is increased, Young’s modulus is de-
creased, the adhesion strength is increased, the paper thickness is
decreased, or the draw is too small. We have also investigated the
effect of changing the distance L between rolls (Fig. 1) in order to
see if the effect of centrifugal forces declines. However, almost an
identical strain dependence on machine speed was observed as
that in Fig. 11 (top). The length and curvature of the web adjust to
the new situation so they become nearly the same. From this point
of view the effect of changing L is insignificant.

3.3 External Perturbations. In this section we demonstrate
the effect of external perturbations by a certain decline in Young’s
modulus or an increase in basis weight occurring in the incoming
paper web at the first roll. This could, for example, happen if the
wetness of the paper web increases. With regard to the maximum
strain in the web it is not necessary to plot £(x,) along every web
location x. Instead we simply study e(z), i.e., the strain near the
second roll. In steady-state operation this is the position where the
strain is at maximum (Fig. 8). For the transient solutions (time-
dependent ¢, web curvature, and web length) in this section, we
have computed max(g(x,7)) at each instant of time and it was
found that max(e(x,7))=¢&(L,,,t) =e(t) still holds.

At t=5 s each node that enters the open-draw has a 15% lower
stiffness; see Fig. 13. Since the time required for the web to travel
from the first roll to the second roll is only about 10 ms, the
response in the strain is fast. At =5 s the strain surges up to
almost 3.5%, and then the web attempts to adjust itself to the new
condition lowering the strain to about 3.35%. This perturbation
together with the quite high machine speed (1600 m/min) then
makes the solution transient. However, at t=8 s, when the elastic
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Fig. 13 Total strain = (i.e., strain at the last node) as a func-
tion of time. The elastic constant is decreased by 15% at t
=5 s. The durations (3 s, 4 s, and 5 s) are then studied after
which the elastic constant is restored. N=40.

constant is restored to its original value, the strain temporarily
decreases to 2.9%. Finally at t=20 s the steady-state solution is
restored and the strain becomes 3%.

It is interesting to examine if the duration of the perturbation
has any impact on this behavior. The first curve in Fig. 13 dis-
cussed above was for a 3 s duration. The next curve is the result
for a 4 s duration, where essentially the same features are ob-
served, except that it takes longer time for the steady-state to be
restored. However, in the last case, with a duration of 5 s, a dif-
ferent behavior can be seen. After the stiffness has been restored
at t=10 s, the strain continuously grows without any sign of re-
covery, and thus web failure is imminent.

This instability behavior may be interpreted as follows. At ¢
=5 s, a 15% softer paper web starts to enter the open-draw. In
only about 10 ms the whole open-draw has been replaced with the
softer web. Due to the lower elastic stiffness there is a rapid re-
sponse in the strain &7 resulting in a surge to almost 0.035. The
paper web then starts to adjust to the new situation by decreasing
the release angle ¢, (Sec. 2.8), increasing the web length in the
open-draw section, changing the web curvature, resulting in an
initial relaxation of the strain. However, during this process, the
web curvature near the first roll continues to grow (resulting in
increased stress due to centrifugal forces) and the length of the
web becomes longer as well (more stress due to gravity). Eventu-
ally the strain therefore starts to increase until =10 s at which the
elastic stiffness is restored. Due to the stiffer paper web the strain
decreases rapidly. However, the web is still sharply bent and re-
mains long. These conditions, again, lead to an increasing strain
and a continuous decrease in the release angle ¢, as is also seen
in Fig. 14. Here we see how ¢, responds to the changes in stiff-
ness. In the first two cases ¢; eventually returns to the initial
steady-state value, while in the last case, the continuous decrease
in ¢, is seen. It is thus predicted that dangerously high strain
levels of the paper web will be reached in the last case.

Figure 15 is another example where an increase in grammage
(either by fiber or water) is introduced for certain time durations.
After a short transient behavior from the start of the simulation,
the strain e reaches its equilibrium value of 3% (which equals the
draw k). At t=5 s, the grammage (g=pT) is gradually increased
by 15% according to g(t—1;)=gee™ """, where 1; is the time when
the perturbation starts (;=5 s), g¢ is the original grammage (un-
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Fig. 14 The corresponding evolution of the release angle ¢,(f)
for the cases in Fig. 13. N=40.

perturbed), and 7 is chosen such that when t=t;=T7 s, the gram-
mage is increased by 15%. After r=1;, the grammage is kept con-
stant (=1.15g(). At the end of the perturbation the grammage is
gradually restored (corresponding to a 50 m paper web). This
gradual restoration is made similarly as above but instead with an
exponential decline during 2 s. For the durations of 6 s and 7 s
(Fig. 15), the strain ultimately restores to its initial value of 3%.
However, the transient behavior becomes irreversible after 8 s:
Steady-state operation is not restored. In other words the duration
of the perturbation is critically important. Besides an increased
grammage, the transient behavior can also be triggered by an in-
crease in adhesion strength (not shown).

Figure 16 displays the imminent solution in Fig. 13, but with

15% increase in grammage, v2:1600 m/min
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Fig. 15 Total strain € as a function of time. The grammage of
the paper web entering the open-draw gradually increases to
15% during t=5-7 s. This perturbation is maintained for the
durations 6 s, 7 s, 8 s, 9 s, and 10 s after which the original
grammage is restored gradually during 2 s. N=40.
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Fig. 16 Total strain as a function of time. Changing the draw at
strategical timings is shown to be beneficial. N=40.

some examples of countermeasures by allowing various levels of
the draw. After =15 s when the transient solution is growing we
increase the draw to 3.5%. This stops the imminent solution. The
web solution is still time-dependent, but approaches the steady-
state strain at about =23 s. At =25 s the draw is changed into
3.25% and a smooth transition to the new level is soon accom-
plished. At r=30 s we restore the draw to its original level of 3%
and, again, a smooth transition takes the solution back to its origi-
nal steady-state and strain level at 3%. In practice this counter-
measure may not be feasible because the draw might fluctuate in
itself during normal operation (see, e.g., in the printing press [9]).

In Fig. 17 we plot a similar perturbation as in Fig. 13 but with
a machine speed of only 1400 m/min. In this case the imminent
behavior is not triggered. When the elastic constant is decreased
by 15% at t=5 s, a fast surge in strain occurs up to 3.4% but then
a smooth transition takes place to restore the steady-state of 3%
strain. At =10 s the elastic constant is restored. Here the strain
immediately drops and then smoothly returns to the steady-state.
This situation is clearly distinct from the previous case (Fig. 13)
where the same perturbation brought the system to a complete
break down. We also note that the time spent with dangerously
high strain is much shorter in Fig. 17. Also similar behavior was
obtained for other perturbations, such as an increase in web mass
density, adhesion strength, etc.

4 Conclusions and Further Work

We have developed a novel model to investigate the system
dynamics of the open-draw section. In spite of its simple treat-
ment, the model represented numerous advantages over the con-
ventional approaches, and could display rich phenomena of non-
linear dynamics of the open-draw. For example, it is advantageous
that the web solution is not constrained by any particular shape
and can fully take into account the dynamic boundary conditions
derived from the physical situation. The model is flexible enough
to study the effect of variations in mass density, elastic stiffness,
viscous effects, paper thickness, draw, system geometry, etc. The
critical importance of the release point and its sensitivity to both
system and material variations was recently pointed out in Ref.
[4]. In fact, the present work has confirmed these observations and
clarified further implications of the transient behavior. For ex-
ample, despite the lack of external perturbations, the solution can
still be time-dependent (i.e., steady-state cannot be obtained for
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Fig. 17 The strain response to the elastic modulus perturba-
tion. The perturbation was given between 5 s and 10 s, similar
to the case in Fig. 13. After the perturbation is turned on at t
=5 s, the web quickly adjusts to a new curvature, ¢ and ¢,
and the steady-state strain of 3%. As the perturbation is turned
off at t=10 s, the web strain temporarily decreases and then
returns to steady-state. N=40.

certain parameters). The boundary conditions depend on the solu-
tion itself. This complication can lead to a dangerous situation for
a certain set of parameters. Some examples are a decrease in
elastic constant or an increase in mass density. This is consistent
with an increasing moisture content of the paper web. A high
adhesion strength, low thickness, or a too small draw can also
trigger transient behavior.

In this work we left out some important effects. One approxi-
mation is that slippage between a roll surface and the web is not
considered. If this happens, prestrain can build up and becomes
added to the existing strain, which could then induce dangerous
situations. Due to the nonlinearity of the solutions one could ex-
pect chaotic behavior to occur in some solutions. It would also be
very interesting to perform simulations beyond the 1D paper web.
However, the number of visco-elastic parameters implied by a 2D
paper web grows considerably [36], and, as a consequence, diffi-
culties may arise in order to establish precise input parameters.
Also, the computational complexity of the calculations grows. In
order to limit the volume of the present work, the above consid-
erations are left for future studies.
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Appendix

1 Particle Approach and Phonon Waves. In the paper it is
claimed that a particle system can mimic the corresponding con-
tinuum mechanical solution for a beam (with axial and bending
responses). Although this may be intuitively clear for most read-
ers, it may still be worthwhile to make some comments on this.
The most straightforward way is to consider phonons as given in
condensed matter theory. This description is considered valid at
all scales. The continuum approximation then corresponds to con-
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Table 1

Richardson extrapolation [23] for a beam with length L=0.1 m. The beam is initially

compressed with €=0.25. All values are in Sl-units. A=F,(a,/2)- F,(ay,). The ratios in col. 4

equal 4 (2P1), so p;=2 and in col. 6, 16 so p,=4. I:'x and I:'x denote extrapolated values.

N ap F(ag) A/(21-1) £ A/(2m=1) F.=~F,0)
1 001 0.028125722 ; ; : :

21 0.005 0028301356  5.854467x10-°  0.02835990 - -

41 00025 0.028345385  1.467633x10°  0.02836006  1.067x10°  0.02836007
81 000125 0028356400  3.67167x10° 002836007  6.7x10710  0.02836007

sidering waves with long wavelengths much larger than the dis-
tance a between atoms. In order to keep this presentation as clear
as possible we shall assume a homogeneous system.

Consider two 1D lattice grids: 1 and II, one with spacing a;
(atomic scale) and one with spacing ay=xa;, where x=1 is an
integer. In this case we consider waves with A>xaj, say, A\
=xya;, where y>1 is a real number. We adopt the 1D phonon
approach in solid state physics, e.g., Ref. [37], where a phonon
wave is written as

u,= Aei:kae—i(wt—é)

where a node of the lattice is denoted by the integer s, k is the
wave vector, and the phase factor & is determined from the initial
condition of the wave. The angular frequency w is given by

\/E
w=2\/—
m

Thus in the first lattice we have that ka;=2m/xy so w;
| M | =

=2\Cy/my|sin( 7/ xy)| =27/ xy\C;/my, since xy> 1. In the second

lattice we have that the mass of an effective particle my=xmy (to

conserve mass density) and the effective stiffness is Cy=Cy/x. In

this case kag=kxa;=2m/y. Thus wp=2\Cy/mylsin(7/y)|

. ka
sin—

=2/x\Cy/my|sin(w/ y)| =27/ xy\Cy/my, s0 w;=wy. The only dif-
ference between the waves u,(I)=Ae ke~ (@=9 and y (II)
=Aeiukang=ilon=8) g in the spatial factors sika; and
spkap(=sykxay). However, suppose the lattice is of length L
=May, where M is an integer. Then s;=1,2,... ,M. In the second
lattice L=Maj=May/x so sy=1,2,...,M/x. For well chosen lat-
tices we see that for every integer sy there is a corresponding
integer sy such that sy=s;/x. Thus sika;=spkay and the waves in
the two lattices are, in fact, identical.

2 Particle Approach and Buckling. It is interesting to test
that the bending model given in Sec. 2.4 indeed corresponds well
to the continuum model of a buckling beam (e.g., Ref. [38]). It is
also worthwhile to study the convergence properties with regard
to the number of particles utilized in the model. We set up a
numerical experiment with the same reference parameters as in
Sec. 3. We first place N particles along an arbitrary axis, say, the
x-axis. The particles are all separated by a certain distance a=(1
—¢&)ay (i.e., the compressed system). At all times we keep the
particles 0 and N—1 fixed. Then we introduce a small transverse
perturbation (y=10"'% m) in the central particle (y=0 for the
rest). The system will then naturally relax (a— ag) and converge
into a bent beam due to the imposed damping. The longitudinal
force F, acting on particle 0O is tabulated in Table 1. F is a func-
tion of the number of utilized particles N (or ap). In the case of a
large deflection there is no analytic formula for the continuum
limit F(ag— 0). Given the lattice separations a, in Table 1 and
the standard properties of extrapolation [23], we find that F,(0)
=F X(a0)+2.35a(2)+(9(a3). The convergence is quadratic and thus
fast. A corresponding experiment with a compression of only &
=0.05 results in FX(O)=Fx(a0)+2.08aé+(9(a‘01), where in this case
F(0)=0.025393 N, which can be compared with the approxima-
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Table 2 Richardson extrapolation [23] of the beam property
K=yR. All values are in Sl-units. A=K{(ay/2)-K(ay). The ratios

in col. 4 equal 4 and thus p;=2. K denotes the extrapolated
value.

N aq K(ap) A/(2P1-1) K=~K(0)

11 0.01 8.958637x 1074 - -

21 0.005 8.87291 X107  -2.857X107°  8.8443x10™*
41 0.0025 8.85158 X 107 -7.110X 1077 8.8445x107*
81  0.00125  8.84632Xx10*  —1.775x1077  8.8446X10™*

tion F,(0)=m2ET3W/12L*=0.024756 N [38] (valid only for a
small deflection). This limit corresponds to an extremely small
compression, namely, e=72T%/12L%. Given F,(0), the exact rela-
tion for the continuous beam is [38]

_ET'W
T 12F(0)

where y is the transverse displacement of the beam and R is its
corresponding radius of curvature (at that position). According to
Eq. (Al), the continuum value is given by yR=8.8446
X 107* m? for £=0.25. From the numerical experiment we also
recorded y and R for the center particle. This is tabulated in Table
2. We see that the extrapolated value indeed equals the continuum
value. In the case of £€=0.05 the continuum result is yR=9.878
X 10™* m?, which again agrees with the extrapolated value (not
shown). We conclude that there is a direct correspondence be-
tween the particle picture and the continuum picture, and, in fact,
already at N=40, they are very similar.

YR (A1)
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